Introduction
Owing to their outstanding mechanical, electrical, and chemical properties, the family of carbon allotropes including carbon nanotubes, graphene sheets and fullerenes are becoming increasingly important in the emerging field of nanoscience and nanotechnology [1] [2] . Technical difficulties in conducting experiments at the nanoscale make it necessary to have recourse to theoretical approaches for investigating the behaviour of nanostructures.
Based on the classical plate theory (CLPT), Kitipornchai et al. [3] investigated the vibration response of multi-layered graphene sheets (MLGSs) with simply-supported boundary conditions using a continuum model. They proposed an explicit formula for the van der Waals interaction between any two sheets in a MLSG. Liew and his coworkers [4] proposed a continuum model to analyse the vibrations of MLSG embedded in an elastic matrix.
Because of not having the capability of considering the size-effects, the implementation the classical continuum models to predict the behaviour of nanostructures becomes controversial. Hence, the extension of the continuum mechanics to accommodate the size dependence of nanostructures is a topic of major concern. Modified continuum models are one of the most applied theoretical approaches for the investigation of nanomechanics due to their computational efficiency and the capability to produce accurate results which are comparable to those of atomistic models. The application of nonlocal continuum mechanics allowing for the small scale effects to the vibrational analysis of nanomaterials has been recommended by many research workers.
Azizi et al. [5] [6] using carbon nanotubes as reinforcing fibres have been performed to address the exceptional mechanical and electrical properties of nanotubebased composites. Vibration analysis of MLGSs embedded in polymer matrix was investigated by Pradhan and Phadikar [7] using nonlocal continuum mechanics.
Continuing with the vibration problems, Pradhan et al. [8] developed a single-elastic beam model to analyse the thermal vibration of CNTs based on thermal elasticity mechanics, and nonlocal elasticity theory. The effect of nonlocal scale parameter on the wave propagation in multiwalled carbon nanotubes was represented by Narendar and Gopalakrishnan [9] . Murmu and Pradhan [10] studied the vibration characteristics of single-walled carbon nanotubes (SWCNTs) based upon a nonlocal shell model.
There are so many other researches in which the behaviours of nanostructures under various loading conditions have been predicted based on nonlocal elasticity continuum models [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] which indicate the wide application of this type of modified continuum mechanics in nanomechanics.
In many cases such as polymer nanocomposites, the nanostructures can be embedded in an elastic surrounding medium. This elastic medium is generally simulated using Winkler foundation model [21] . Based on this type of foundation, the elastic matrix is represented as a series of closely spaced, vertical linear elastic springs. However, this model does not have the capability to consider the continuity of the medium. A more practical modelling of elastic foundation can be implemented using Pasternak foundation model [22] which regards both normal pressure and transverse shear stress using two modulus parameters corresponding to each one. The Pasternak foundation model was used by Pradhan and Murmu [23] , and Liew et al. [24] to simulate the interaction of the elastic medium with graphene sheet and successful results were obtained to show the physically realistic application of this type of foundation modelling.
According to the above literature review, it can be seen that the investigation of size-effects on behaviours of nanostructures has assigned so many researches. In the current study, the free vibrational response of SLGSs embedded in an elastic medium is investigated based on various nonlocal plate models. Both Winkler and Pasternak elastic foundation models are employed to represent the surrounding elastic matrix. Closed-form analytical solution is developed to obtain explicit formulas to obtain the natural frequencies of SLGSs corresponding to each type of nonlocal plate theory through exact solution for the governing differential equations. Selected numerical results are presented to show the influence of nonlocality, elastic foundation, type of nonlocal plate theory and side length of square SLGSs in detail.
Overview of various plate theories
2.1. Introduction Fig. 1 Schematic of a nanoplate: kinematic parameters, coordinate system and geometry
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To represent the behaviour of plates, there are different plate theories. As it can be seen from Fig. 1 , consider a uniform square nanoplate with the side length L and thickness h. A coordinate system (x, y, z) is introduced at the one corner of the midplane of the nanoplate, whereas the x axis is taken along the length of the nanoplate, the y axis in the width direction and the z axis is taken along the depth (thickness) direction. The displacement components (u1, u2, u3) along the axes (x, y, z) can be written in a general form as: The simplest and the most well-known plate theory is the classical plate theory in which it is assumed that the straight lines which are vertical to the mid-plane will remain straight and vertical to the mid-plane after deformation. In other words, the effects of shear deformation and rotational inertia are not considered in this type of plate theory. On the basis of Eq. (1), the strain-displacement relations appropriate to CLPT can be obtained as:
Using the principle of virtual displacement, the equilibrium equation can be expressed for CLPT as: 
where E and v are Elastic modulus and poison ration.
First order shear deformation theory (FSDT)
The next plate theory is the first order shear deformation theory in which the effects of shear deformation and rotational inertia are taken into account, so the straight lines will no longer remain vertical to the mid-plane of the plate after deformation. However, it is assumed that the transverse shear stress has a linear distribution along the thickness of the plate. Using Eq. (1), the following strain-displacement relations can be obtained as: 
Using the principle of virtual displacement, the equilibrium equations can be expressed for FSDT as: 
Higher order shear deformation theory (HSDT)
Another type of plate theory is the third-order shear deformation theory in which the transverse shear stress has a parabolic distribution with respect to the thickness of the plate. Also, there is not any shear correction factor to satisfy the transverse shear stress conditions on the upper and lower layers of the cross-section of the plate. According to Eq. (1), the strain-displacement relations for HSDT can be expressed as: 
Using the principle of virtual displacement, the equilibrium equations can be expressed for HSDT as: 
Nonlocal plate theories for free vibration of SLGSs

Review of Eringen's nonlocal elasticity
The theory of nonlocal elasticity was first considered by Eringen in the 1970's [25] . This concept is inherent in solid state physics where the nonlocal attractions of atoms are prevalent Eringen. In contrast to the classical elasticity, in the nonlocal model the stress at a reference point x in an elastic body depends not only on the strains at x, but also on strains at all other points of the body [25] . According to the nonlocal elasticity theory, this fact was attributed to the 681 atomic theory of lattice dynamics and experimental measurements of phonon dispersion [26] .
For homogenous and isotropic elastic continuum, the linear nonlocal elasticity theory can be expressed as the following set of equations [26] :
Where equation (11- , which represents the normal pressure of elastic medium as a series of closely spaced, vertical linear elastic springs. Thereupon, the loading corresponding to this type of foundation can be expressed as [21] .
In this work, the buckling behavior of nanobeams surrounding in an elastic medium is investigated using both above types of foundation models based on various nonlocal beam theories.
Using Eq. (13) 
Reddy beam theory
By adding the elastic medium terms to the governing equations of RBT, we will have: 
2. 4. Levinson beam theory
Adding the elastic medium terms to the governing equations of LBT yields: .
It is worth to mention that by removing the surrounded elastic medium effects from the governing equations corresponding to each beam theory, they reduce to the conventional nonlocal beam theories presented by Reddy [27] .
Analytical solution for simply supported nanobeams
Explicit formulas for natural frequencies
In this section, exact solutions of free vibration of nanobeams embedded in an elastic medium are developed. Explicit formulas are proposed to obtain the natural frequencies corresponding to each nonlocal beam theory. The simply supported boundary conditions can be expressed as:
The components of displacement w and φ can be considered in the following generalized form which satisfies the boundary conditions: .
For Timoshenko beam theory, the natural frequencies can be obtained as follows: 
For Reddy beam theory, the natural frequencies can be expressed as: 
Numerical results and discussion
Here the numerical results are presented for the developed analytical solution in the previous section. The following properties are taken for the nanobeams which are used by Reddy [27] . It is assumed that h=b=1 nm and L varies from 10 to 50.
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The non-dimensional natural frequencies corresponding to the first three modes of the nanotubes are given in Tables 1-3 . It's found from the results that with increasing the value of nonlocal parameter the values of natural frequencies decrease, especially for lower aspect ratios. It implies that the nonlocality effect is more significant for the shorter nanobeams and this effect tends to decrease the stiffness of the nanobeam. Moreover, the small-size effect is more prominent at higher mode numbers. Table 1 Non-dimensional natural frequencies Table 2 Non-dimensional natural frequencies Table 3 Non-dimensional natural frequencies Also, it can be seen that by considering the influence of transverse shear strain using TBT, RBT, and LBT, the values of natural frequencies will be reduced for all values of nonlocal parameter specifically for higher modes. Furthermore, the difference between TBT and RBT is so negligible for the first mode, but it is relatively more sensible for higher modes and lower aspect ratios.
By incorporating the elastic foundation, the nondimensional natural frequencies increase for all values of nonlocal parameter which indicates that surrounding in an elastic medium makes the nanobeams stiffer and at the first mode, this increase of stiffness is more prominent for higher values of aspect ratio. However, for higher modes, the effect of elastic medium tends to be independent from the value of aspect ratio. Fig. 1 depicts this pattern in more sensible way, in which the slope of variation of non-dimensional natural frequency with the value of aspect ratio decreases for higher mode numbers. . There is not any significant difference between mode-shapes for various aspect ratios, so they are described just corresponding to 10 
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for brevity. It can be observed that the mode-shapes relevant to simply supported-simply supported boundary conditions have not any sensible dependency to the both values of Winkler modulus parameter and nonlocal parameter. Fig. 6 indicates the difference between the natural frequencies obtained by Winkler foundation model and the Pasternak one. To this end, the variation of non-dimensional natural frequencies with the value of aspect ratio is plotted corresponding to both foundation models. It is assumed that As shown in the Fig. 6 , for each aspect ratio, the calculated natural frequency with the Winkler-based models is lower than the natural frequency calculated by the Pasternak models. More, as the value of aspect ratio increases the difference between two foundation models increases too. This reveals that alike the observation from Fig. 4 , Pasternak modulus parameter has more significant influence at higher values of aspect ratio. 
Conclusion
In the present study, free vibrational response of embedded SLGSs is investigated. To this end, Eringen's nonlocal elasticity continuum is incorporated into the various plate theories namely as classical plate theory (CLPT), first order shear deformation theory (FSDT), and higher order shear deformation theory (HSDT) to consider the sizeeffects on the vibration analysis of SLGSs. Both Winkler and Pasternak elastic foundation models are employed to represent the surrounding elastic medium. Explicit expressions are derived through an analytical solution to evaluate the natural frequencies corresponding to each type of nonlocal plate model.
Selected numerical results are presented to indicate the influence of the values of nonlocal parameter, Winkler modulus parameter, Pasternak modulus parameter, mode number, aspect ratio, and the type of nonlocal plate theory, in detail. It is observed that in contrast to the implementation of nonlocality which causes to reduce the stiffness of SLGS, by taking into account of elastic foundation, the natural frequency increases for all values of nonlocal parameter and this effect is more significant for higher aspect ratios relevant to all mode numbers which is again in contrast to the nonlocality effect that is more considerable in the lower aspect ratios. Also, it is found that the fundamental frequency of embedded SLGSs simulated by Pasternak foundation model is relatively more than the ones simulated by Winkler foundation model and this difference is approximately similar for all types of nonlocal plate theories. Moreover, it is observed that the difference between the two types of elastic foundation model is more prominent for higher values of nonlocal parameter and aspect ratio.
